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IN'L'RODUC'rJON. 
Some years ago the writer showed�' that for any r-parameter-group in 
the plane the most general differential configuration of analytic arcs from the 
point of view of invariants consists of two arcs at distinct points ; that is to 
say, that no new independent types are introduced by taking a more complicated 
configuration. 
The invariants of this fundamental configuration are· of two kinds:­
(a) those involving elements from one arc only, 
(b) those involving elements from both arcs. 
It is well known that there are an infinite number of type (a) for each arc; 
one of order r, one of order less than r, and the rest derived from these by 
successive differentiations. In the above paper the writer also proved that the 
number of invariants of type (b) for an r-parameter group is precisely r. We 
shall call this type mixed. 
The object of the present paper is to determine the mixed invariants 
for the affine group of transformations in the plane; and to interpret them 
geometrically. 
This represents the first step towards the solution of the wider and more 
interesting problem, viz., the finding of all the projective invariants of a 
differential configuration. 
1. INFINITESIMAL 'l'RANSFORMA'fIONS OF THE GROUP. 
vVe take as our fundamental configuration two points P ( x" y1) and 
Q (x2, y2) through each of which passes an analytic arc. Derivatives at these 
points will be distinguished by the subscripts 1 and 2. Thus y/" will represent 
the third derivative of y, with regard to Xi-
'l'he Affine Group for this fundamental configuration consists of the four 
equations-
xi = axi + byi + c 
(i = 1, 2) 
"Invariants of Differential Configmat.io11s :in the Plane; 'I'rans. Amer. Math. Soc., 
Vol. XIX., No. 2, pp. 223-250. 
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The two invariants of the first type for each arc are known to· be of orders 5 and 
6 respectively. To find the mixed invariants it will therefore only be necessary 
to extend the infinitesimal transformations to the fourth order. We find 
them to be 
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The absolute invariants are the solutions of 
These equations form a complete system; the number of variables is 12 and the 
number of equations 6, therefore the number of independent solutions is 
12 - 6 = 6. These will necessarily be of the mixed type. 
2. SOLUTION OF THE EQUA'l'IONS.
VV e shall first consider a convenient sub-group 
xi= axi + c 
(2) (i = 1, 2) 
Yi= dyi +f 
whose infinitesimal transformations extended to the fourth order are Vif, V2f, 
V3f, Vsf. The equations 
(3) 
form themselves a complete system with 8 independent solutions, of which 4 are 
of the mixed type. The four solutions of type (a) may be taken to be 
(4) 
y/'2 
Yi' y/" 
(i = 1, 2) 
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which are obviously independent. 'fhe fact that these are of orders 3 and '1 
respectively shov\'S that the mixed invariants of (2) can be obtained by 
<ionsidering only terms of the eqirntions (1) not exceeding the second order. 
Solving VJ= 0, we get an independent set of solutions. 
'l'aking these for new variables, our equations (3) reduce to the three 
Again, a complete set of solutions of the first of these three is 
and with these as new variables the third becomes 
while the second remains unchanged. 
Finally, putting 
we arrive at the single equation 
,,·hich has a set of independent solutions 
B 
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or, in terms of the original variables 
(5) 
The eight expressions ( 4) and ( 5), which we shall write 
constitute the complete solution of the system 
We have now to find what six functions of these quantities satisfy the 
two remaining equations VJ= V5f = 0. Taking the w's as new variables, 
V 4f = 0, V 5f = 0 become respectively 
and 
Solving the last, we get 
2 \ -� /\1 ' W3 
and substituting in the other, the system finally reduces to the single equation 
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the solutions of which are 
where 
(1\ -3)2
,\27 (6,\6 -10)
= {R1Y1"' + 3 (x1 - X2) Y1"2} 2
R12 (3y1"Y1'v - 5y/"2) 
{ (Y1' -Y2') Y2"' + 3y2"2} 2 
(Y1' - Y2')2 (3y2"Y2'v -5y2"'2) 
These are the mixed absolute invariants of the affine group. It will be 
noticed that they are homogeneous and isobaric expressions of " degree " and of 
" weight" zero, if we define the "weight" of y(n) to be n + I, and that of x1 - x2 
to be - I, while the " degree " of x1 - x2 is taken to be zero.
They might have been built up, using these properties, from the following 
relative invariants; 
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3. VANISHING OF 'l'HE RELA'l'IVE lNVARIAN'l'S.
The vanishing of each of these relative invariants indicates a specialisation 
of the fundamental configuration which remains invariant under the affine 
group. If we note that the slope of the axis of the osculating parabola is 
y'y"' - 3y"2 
y"' 
we may interpret the equations as follows:-
R1 = 0 or R2 = 0. The line joining the given points (x1, y1) and (x2, y2) is
tangent to one of the given arcs. 
R3 = 0. The tangents to the arcs are parallel. 
R4 = 0 or R5 = 0. One of the tangents has three-point contact. 
R6 = 0 or R7 = 0. The line joining the points is parallel to the axis of 
the osculating parabola of one of the arcs. 
R8 = 0 or R9 = 0. The tangent to one of the curves is parallel to the 
axis of the osculating parabola of the other. 
R10 = 0 or R11 = 0. The osculating parabola of one of the curves hyper­
osculates that curve. 
THE ABSOLUTE INVARIANTS. 
The six absolute invariants may be combined so as to give symmetrical 
pairs. Two will be of order 2, two of order 3, and two of order 4. 'l'hese are 
R 2 
M - 6 31 
= R R 31 4 
R 2 
M - 7 32 
= R 
Ra 
2 5 
In this form their independence is clearly exhibited. 
The invariance of these functions of the general configuration of two 
arbitrary analytic arcs corresponds to the invariance of certain geometrie 
entities , as follows:-
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Let P be the point (x1, y1) ; Q the point (x2, y2) ; T the point of intersection
of the tangents at P and Q ; R the foot of the perpendicular from the centre of
curvature of the arc at Pon PQ. We easily find that 
PT2-M21=PQ.PR 
This geometric quantity is therefore invariant under affine transformations. 
The interpretation is not altogether satisfying from the affine point of view,. 
since the circle of curvature is used. 
Let us consider the family of parabolas having three-point contact with the 
curve at P. Their equation is 
(6) y1" [a (x - x1) - (y -y1)} 2 + 2y1' (a - y1')2 (x -x1)
- 2 (a - Y1')2 (y - Yi) = 0.
where a is a parameter. The condition that Q lies on one of these parabolas is that
a satisfies the condition 
(7) 
Comparing this equation with M21 + 2 = 0, that is,
we see that they are identical if a = y2'. The equation M 21 + 2 = 0 therefore
means that the tangent at Q is parallel to the axis of either of the two parabolas 
which pass through Q and have three-point contact with the arc at P. This is
therefore an affine invariant property. 
We may look at the matter a little differently. Let the two values of a given 
by (7) be denoted by y3' and y4' respectively. These are the slopes of the axes of the
two parabolas of the family (6) which pass through Q. If we denote by,\ either the 
cross-ratio [y1' y3' y2' y4'] or its reciprocal we find that 
from which the above property may be verified by putting,\= 0 or oo. Moreover,. 
if PQ is tangent to the second arc at Q, the above cross-ratio is harmonic, and
M21=0. 
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Ma1 
Through Q draw a line parallel to the axis of the osculating parabola at P 
meeting PT in E. Then
9PE2 
Ma1 = PQ .PR
Again the use of the circle of curvature gives a somewhat unnatural inter­
pretation. 
The osculating parabola at P has for equation 
{8) [(Y11Y1"' - 3y1"2) (x - X1 ) - Y1"' (y - Y1)J2 
- 18y1"3 [(y - y1) -(x - x1) y/] = 0. 
The condition that this passes through Q (x2, y2) is clearly R62 + 18 R1 R4
3
= 0, 
that is 
M31+18 = 0,
which is therefore the equation of the osculating parabola at P with Q as current 
point. 
Through P draw PV parallel to the axis of the osculating parabola (8), and 
through Q draw Q V parallel to the tangent at P. Then if S be the focus, we find
whence 
3 (1 + Y1'2) R4 
SP = 2. ,/ y/"2 + (Y11Y1"' -3y1"2)2 
PV 
1 R I '"2 + (y 'y ,,, - 3y "2)2
_ i \ Y1 i i i 
3 . R42 
QV2 
4SP . PV 
1 R 2 1 
- 18 R � 3 = - 18 M311 4 
Again it is clear that M31 + 18 = 0 gives the equation of the ·osculating
parabola at P. 
It follows without difficulty that the equation M31 = const., that is
QV2 
4SP . PV = const.
regarded as the locus of Q is a family of parabolas tangent to the osculating parabola 
at P, and having their axes parallel to its axis, and their foci on SP. 
The us.e of the focus is, however, open to the same objection as that oE 
the centre of curvature. 
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M41 
Join Q to the centre 0 of the osculating five-pointic conic (ellipse or hyper­
bola) at P. Let the tangent at P meet OQ in F. We find easily that 
9FQ 
M41 = OF .
It is not difficult to see that this ratio is invariant under affine transformation, 
for the three points 0, F, Q transform into the corresponding points. 
The equation M41 = const., regarded as the locus of Q, represents a family 
·of straight lines parallel to the tangent at P (M41 = 0). The other line of the family
tangent to the osculating conic is 
M41 + 18 = 0.
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PROJECTIVE DIFFERENTIAL INVARIANTS 
OF TWO CURVES. 
By E. F. SIMONDS AND J. P. McCARTHY. 
Department of Mathematics, University of Queensland. 
INTRODUCTION. 
The projective group of transformations in the plane 
X = a1x + b1y + c1 y = a2x + b2y + c2 a3x + b3y + C3 ' . a3X + b3y + C3 
has eight essential parameters. According to the general theory,* in addition to the 
-absolute invariants of a single curve, there are eight of " mixed" type, i.e., functions
of both curves. Those of the first type have already been treated by G. H. Halphen 
in his celebrated thesis,§ where it is shown that the simplest are of orders 7 and 8. 
It follows that the eight mixed invariants are of orders not exceeding 6. 
The object of the present paper is to determine them in algebraic form, leaving 
their geometric interpretation to be dealt with later. 
1. THE AFFINE INVARIANTS.
In the first paper of this seriest the six mixed invariants of the affine group 
were found, viz., 
'They were the solutions of a complete set of equations involving derivatives of the 
fourth order. The affine invariants of a single curve are 
J52J4-3 ' J6J4- 2
where J4 == 3y"yiv - 5y'"2
J5 =' 9y"2yv - 45y"y"'y1v + 40y"'3
J6 == 9y"3yv1 _ 63y"2y"'yv _ 45y"2yiv2 + 255y"y"'2y1v _ 160y"'4
* E. F. Simonds, Trans. Amer. Math. Soc. Vol. XIX, No. 2, pp. 223-250. 
§ G. H. Halphen, Oeuvres, Vol. II, pp. 197-253. 
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This will be proved in a paper shortly to be published in this series, entitled " Affine 
invariant families of cuspidal cubics." In the meantime, their invariance can be 
readily verified. J4 = 0 is the equation of all parabolas; J5 = 0 is the equation 
of all conics; J6 = 0 has no algebraic general solution, the attempt to integrate it 
leadirig t.o a Riccati equation of the so-called ivsoluble type. 
The affine group being a sub-group of the projective, the invariants of the 
latter for two curves will be functions of 
(i) 
the last four being invariants of the first type, that is, belonging to a single curve, 
indicated by the additional suffix 1 or 2. 
2. EXTENDED INFINITESIMAL TRANSFORMATIONS OF THE PROJECTIVE GROUP. 
For the projective group we have, in addition to the extended infinitesima� 
transformations of the affine group, the following two which are non-affine ; 
U f-
" 
2 
of 
+ 
" of " 
( ') 
of 3" ,, of 
7 = 
.<:,X 
ox 
.<:,XY 
oy 
+ .<:, y - xy oy' 
-
.<:,XY 
oy"
- .E (5xy"' + 3y") /j,, - .E (7xy1v +Sy"') o°:.v 
- }) (9xyv + 15y1V) of_ - }) (llxyv1 + 24yV) Jf_ 
• oyv oyv1 
u f = .Exy of + .Ey2 of + .Ey' (y - xy') _of - 3.Exy'y" of s ox oy dy' oy" 
- .E (4xy'y"' + 3xy"2 + 3y'y" + yy"') o°:" 
- .E (5xy'y1v + IOxy"y'" + Sy'y"' + 6y"2 + 2yy1v) o°:.v 
·- .E (6xy'yv + l5xy"y1v + l5y'y1v + l0xy"'2 + 30y"y"' + 3yyv) 
of
. oyv 
- .E (7xy'yvi + 2lxy"yv + 24y'yv + 35xy"'y1v + 60y"y1v 
+ 40y"'2 + 4yyv') Jf_ 
oyv1 
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The projective mixed invariants will be the solutions of 
'The method of solution will be-in principle-to assume the 10 solutions (i) of the 
first six equations, and to use them as new variables in the last two. We shall thus 
obtain the projective invariants as functions of the affine. It will be seen that the 
work is not nearly as tedious as the equations might lead us to expect ; but this is a 
common experience in group-theory. 
3. SOLUTIONS OF U d = 0 TO THE FOURTH ORDER.
We begin by finding the results of applying the operator U 7 to the relative 
invariants of the affine group. We find that 
U7 (R1) = X2R1 ; U7 (RJ = X1R2 ; U7 (R3) =RI - X2R3 
U 7 (R4) = - 3x1R4 
U7 (R6) = (x2 - 5x1) RG - 3R1R4 
U1 (Rio) = - l0x1R10 + 6R4y1"' 
U7 (R5) = - 3x2R5 ; 
U7 (R7) 
= 
(x1 - 5x2) R7 - 3R2R5 
U7 (R11) 
= 
- l0x2R11 + 6R5y2'" 
From 
these we proceed to the affine absolute invariants ; 
,Similarly, 
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(1) 
(2) 
(3) 
. M From these we find at once that U7 M
2I = 0, and we have 22 
M2I 
M22 
as the first solution of U7 = 0. It is of order 2. 
Again, we find that 
M R2 - RI U7 log 21 = R 3
U l . M 6R6 7 og 31 = (x2 - xI) - M R 2 31 4 
. 1 
Combining (2) and (3), 
(4) 
2R2 ( 3 
)
U 7 log (M 2I 
• 
M31) = R 1 - V . 3 M2I M3I 
Putting cp - JM 2I • M 3I , ( 4) becomes
(5) 
cp � 3 U 7 log cp = �: ,
1 -'- R2 . . -'- - 3 U1 ('f' - 3) = R . 'f' 3 
U7 log (cp - 3) = R
!!__i 
3 
Similarly, we find that 
(6) U7 log (if; - 3) = - �1 3 
where 
Combining (5) and (6), we get 
U7 log (cp - 3) (if; - 3) = R2 i RI= U7 log M213 
U1 
{(cp - 3) (if; - 3)} = 0. M21 
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Our second solution of U 7 = 0 is therefore 
(7) ( V M 21 · M 31 - 3) ( V M22 · M s2 - 3)
M21 
It is of order 3 . 
Again, we find 
U7 (M31 + M41) = (x2 - X1) (Ma1 + M41) + )t2 (R1Y1111 - R6)
(8) .. 
But from (2) 
(9) 
and from (5) 
(10) 
R1 + R2 6 
= 
R 
(Ma1 + M41) + R 23 4 
Ri +R2 M = R ( 31 + M41 + 18) 3 
. 3 (x1 - X2) R4 2
U7 log (Ma1 + M41 + 18) = RI +R2 
R2 -R1 U7 log M21 
= Ra 
U7 log (ef> - 3)2 = 2J:2 a 
Ra 
Combining (8) , (9) ,  and (10) we get that 
(11) 
U l M21 (M31 + M41 + 18) _ O 7 og (ef> - 3)2 -
M21 (M31 + M41 + 18) 
( 1M M _ 3)2 is a solution of U 7' = 0. \I 21 . 31 
Similarly it can be shown that 
(12) 
is a solution. 
M22 (Ms2 + M42 + 18) 
(v M22 . Ma2 - 3)2
4. SOLUTIONS OF U 8 = 0 TO THE FOURTH ORDER.
We have now obtained four solutions of U7 = 0, and we proceed to show that 
these very four are also solutions of U sf = 0. 
6 PROJECTIVE DIFFERENTIAL INVARIANTS OF TWO CURVES. 
The work follows very similar lines to that for U d = -0. We find easily that
us (Ri) = (Yi - XiY1' + Y2) Rl ; u 8 (R2) = (Y2 - X2.1h' + Yi) R2 
u 8 (R3) = Yi' (Yi - XiYi') - y/ (Y2 - XzY21) ; 
Us (R4) = - 3XiYi1Yi" ; Us (Rs) = - 3x2Y21Y2"
Us (R6) = (Y2 - 5xiYi') Rs - 3RiR4Yi' ; Us (R1) = (Yi - 5x2Y2') R1 � 3R2RsY21 
Us (Rio) = - 2 (Yi+ 4xiYi') Rio + 6yi" (Y11Yi"' - 3yi"2)
from which we derive 
(13) 
(14) 
(15) 
(16) 
(17) 
(18) U (M ) M ( ) 6R2 (Y21JJ2"' - 3y2"2)s 42 = 42 Yi - Y2 - R 2 i; 
From (13) and (14) we have obviously 
(19) Us(�::) = 0.
From (13) and (15) it follows that
(19a) 
U 1 (M M ) - 2yi' R2 - 6 , R2 1 s og 2i 
• 3i - R ?li • 
-
3 Rs V M21 M3i 
'R Us log (</> - 3) = YR 2 ;
s 
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Similarly 
U 1 (,1. •1. y/R2 - Y2'R1 M s og 'I' - 3) (.,, - 3) = R = 
Us log 21 3 
Us log (</> - 3l (f - 3l = 0.M21 
Finally, from (15) and (17) 
Us (M31 + M41) = (Y2 - Y1) (M31 + M41 + 18)
hence 
(20) Us log (M31 + M41 + 18) = Y2 - y1
But 
(21) 
and from (19a) 
(22) 
Combining (20), (21), and (22), remembering that .y2 - y1 = Y2'R1 � Yi'R2 ,
we get 
Thus (11) and its symmetrical counterpart (12) are fourth-order solutions of Usf = 0.
5. PROJECTIVE lNVARIAN'l'S UP TO THE FOURTH ORDER.
We have now obtained four solutions of 
U,]=0 , Usf = O 
which are known to satisfy the six affine equations 
Uif = 0 , (i = 1, 2, 3, 4, G, 6)
These four expressions (1 ), (7), (11), and (12) are therefore invariants of the projective 
group. 
S PRO,JEC1'1VE DIFFERENTIAL INVARIANTli OF TWO CURVES. 
Since the equations extended to the fourth order form a complete system, 
the number of independent solutions is 12 - 8 = 4, so that we have them all.
6. PROJECTIVE INVARIANTS OF ORDER 5.
The mixed invariants of orders greater than 4 will involve the affine relative 
invariants J 4, J 5, J6 for each curve ; and we shall distinguish the two curves by 
adding the subscript 1 or 2. Thus, for example, 
Applying the operators U 7 and U 8 we find 
(23) U7 (J41) = - l0x1J41 + 6R4y1'"
(24) Us (J41) = - 2 (Y1 + 4X1Y11) J41 + 6yi" (Y11Y/11 - 3yi"2) 
(25) 
(2G) 
(27) 
and the others are obtained from these by changing the subscript 1 to 2, and R4 to R5• 
We find from (23) and (25) that 
But we have already 
(J 2) l . R y "' U7 log /\ = - G� 
41 41 
1 Cf (J51& U7 o,.,J . 41 
whence 
(28) 
and the same expression is easily shown to satisfy U 8f = 0.
Thus we have an invariant of order 5, and we can obtain another by changing 
the subscript 1 to 2. 
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7. PROJECTIVE INV ARIAN'l'S OF ORDER 6. 
Before obtaining the last two mixed invariants we prove the following lemma ; 
"if 11 and 12 are two absolute invariants, then d�l_i / di!_� is an absoluteX1 X1 
invariant." 
For if J1 is the transform of Iv on differentiating the equation 11 =I with 
regard to Xv we get 
Similarly 
which proves the lemma. 
df1 d11 dx1 
dX1 
clx1 
dX1 
dl1 
dX� 
-
it:= 
dX1 
d12 d:r1 
dx1 
dX1 
Now if we multiply the two invariants (11) and (28), invert the product, and 
extract the square root, we get an invariant 
and we have already 
= -t 
11 = Js1-!. RaR4 (cp - 3)
R2 
therefore there is an invariant of the type 
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where A ha8 8till to be determined. The two expressions 
J,,,1 J4i} 
J51! 7�l 
are affine invariants, therefore A is an affine invariant. 
Now from (25) and (26) 
(29) 
(30) 
But =0 
which in virtue of (29) and (30) is equivalent to 
(31) 
also 
3 " ,,, Y1 Y1 
(32) 
Comparing (31) and (32) we see that 
It remains to verify that this expression is also a solution of U sf =- 0. 
3yi" (y1' y/" - 3yi" 2) 
J41 
3J41-k Yi" (Y11Yi"1 - 3y1"2)
J51! 
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whence it easily follows that 
( J6l Us �J . -513 �
41: ) = 0. 51 
With a similar expression obtained by interchanging the two curves, we complete our 
list of invariants. 
(a) 
(b) 
(c) 
8. SUMMARY. 
To sum up, the mixed invariants of the projective group are as follows :--
f d · M21One o or er two, viz., M 22
( IM M - 3) ( ,/ M M -3)One of order three, viz., V 21 31 _ 22 32 
Two of order four, viz., 
M21 (M31 + M41 + 18)
(y1M21 lfl;_ - 3)2 
M21 
M22 (Ma2 + M42 + 18)
(vM22 M32 - 3)2 
(d) Two of order five, viz., 
(e) Two of order six, viz., 
No matter how varied the configuration of analytic arcs, all the projective 
invariants are functions of these types, and of the types found by Halphen for a. 
single analytic arc. 
The geometrical meaning of the mixed invariants will be considered in another 
paper. 
A. H. TUCKER, Govt .• Printer, Brisbane. 
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